The previously developed full-vectorial optical waveguide eigenmode solvers using pseudospectral frequency-domain (PSFD) formulations for optical waveguides with arbitrary step-index profile is further implemented with the uniaxial perfectly matched layer (UPML) absorption boundary conditions for treating leaky waveguides and calculating their complex modal effective indices. The role of the UPML reflection coefficient in achieving high-accuracy mode solution results is particularly investigated. A six-air-hole microstructured fiber is analyzed as an example to compare with published high-accuracy multipole method results for both the real and imaginary parts of the effective indices. It is shown that by setting the UPML reflection coefficient values as small as on the order of 10 −40 ∼ 10 −70 , relative errors in the calculated complex effective indices can be as small as on the order of 10 −12 .
Introduction
High-accuracy calculation of full-vectorial optical waveguide modes can be demanded in basic research of waveguide problems, such as understanding the corner effect of rectangular dielectric waveguides [1] [2] [3] , or in the study and design of some special waveguide device structures, such as in precise determination of form birefringence of the fused fiber coupler [4] . As an alternative to such most often employed numerical methods as the finite difference method (FDM) [1, 2, 4] and the finite element method (FEM) [5] , we have recently developed the fullvectorial pseudospectral frequency-domain mode solver (PSFD-MS or PSMS) [6, 7] which is based on multidomain pseudospectral methods, and demonstrated its extremely high numerical accuracy. For example, the analysis of the fundamental mode of the step-index optical fiber showed the relative error in the effective index can be as small as on the order of 10 −12 [7] . The effective index (n e f f ) is defined as the modal propagation constant divided by the free-space wavenumber.
The application of the pseudospectral method to solve electromagnetics problems is a relatively new approach compared to in the area of fluid dynamics. The method is attractive owing to its high-order accuracy and fast convergence behavior over traditional methods. It has been successfully employed to solve scattering problems in time domain [8] [9] [10] [11] [12] [13] . As for frequencydomain problems, the pseudospectral frequency-domain (PSFD) method was formulated in [14] for solving the nonhomogeneous (nonzero-source) Helmholtz equation in a rectangualrshape problem and in [6] and [7] into eigenvalue equations for eigenmode analysis of optical waveguides with arbitrary step-index profile. Full-vectorial formulations with the eigenvectors containing two transverse field components was developed in [6] and [7] for obtaining vector waveguide modes. A simpler scalar formulation has also been established for solving the Helmholtz equation in the analysis of two-dimensional (2-D) photonic-crystal band diagrams along with the required periodic boundary conditions [15] . In [6] , [7] , and [15] , the multidomain Legendre or Chebyshev collocation method were employed. Spectral polynomials such as Legendre or Chebyshev polynomials were used to develop differential matrices for approximating differential operators in the Helmholtz equation over nonuniform Legendre-GaussLobatto or Chebyshev-Gauss-Lobatto grid points and forming the matrix eigenvalue problem. We have found that the Chebyshev collocation method performs more efficiently than the Legendre one. The multidomain approach combined with the curvilinear mapping technique [16] can efficiently treat general multiple material structures having curved dielectric interfaces and properly fulfill field continuity conditions across the interface, i.e., suitable Dirichlet-type and Neumann-type boundary conditions (DBCs and NBCs), which is essential for achieving highaccuracy solutions along with the inherent high-order scheme of the pseudospectral method. Recently Huang et al. [17] have also employed the multidomain pseudospectral method to formulate a dielectric-waveguide mode solver but only for waveguides with rectangular-shaped cross-section.
We have further generalized the PSMS for treating waveguides with leakage properties, such as microstructured optical fibers [18, 19] and photonic crystal fibers [20] for which the mode power could leak into the cladding region and the mode index or n e f f would become complex, by applying the perfectly matched layer (PML) [21, 22] absorbing boundary conditions (ABCs) to the boundaries of the computational domain [23] . The detailed formulation will be given in this paper. The anisotropic or uniaxial PML (APML or UPML) proposed in [22] will be used and implemented into the ABC layer to absorb the outward leaky waves with the DBCs and NBCs rederived, forming the more general PSMS-UPML solver. In the implementation, the reflection coefficient and thickness of the UPML are important parameters for controlling the numerical accuracy. PMLs have been popularly employed in waveguide mode solvers using conventional numerical methods, e.g., the FDM [24] and the FEM [25] . One characteristic observed in these conventional methods was that the calculated n e f f would show oscillatory variation in the typically used PML reflection coefficient range of 10 −7 ∼ 10 −12 . In this paper, we particularly investigate the role of the UPML reflection coefficient in achieving high-accuracy effective-index results. We will consider a six-air-hole microstructured fiber as an example, which was studied in [18] and [19] using a high-accuracy multipole method analysis, and compare our PSMS-UPML calculation with that of [18] and [19] for both the real and imaginary parts of the complex n e f f 's. We will show that by setting the UPML reflection coefficient values as small as on the order of 10 −40 ∼ 10 −70 , taking the advantage of the unprecedented accuracy of the PSMS, relative errors in the calculated complex n e f f 's can be as small as on the order of 10 −12 . This issue regarding using small PML reflection coefficients was recently briefly discussed in [26] for one mode of the six-air-hole microstructured fiber, where PMLs based on stretched complex coordinates [27] were employed. In this paper, detailed examinations will be given with different PML parameters and for more modes. The rest of this paper is outlined as follows. The physical equations and the required DBCs and NBCs in an anisotropic medium are given in Section 2. The PSMS-UPML formulation is derived in Section 3. Numerical analysis of a six-air-hole microstructured fiber is discussed in Section 4 along with the investigation of the role of the UPML reflection coefficient. The conclusion is drawn in Section 5.
The H-formulation equations in an anisotropic Medium
We first consider the propagation of the time-harmonic electromagnetic wave in an inhomogeneous anisotropic waveguide uniform in the z direction at the angular frequency ω. The source-free time-harmonic Maxwell's equations are written as
where ε 0 and µ 0 are permittivity and permeability of free space, respectively, and the relative permittivity tensor [ε] and the relative permeability tensor [µ] are defined respectively as
By taking the curl of Eq. (4) and using Eq. (3), we obtain the vectorial wave equation
where k 0 is the wavenumber in free space and k 2 0 = ω 2 µ 0 ε 0 . For guided waves propagating in the z direction, H can be expressed as
where β is the modal propagation constant. From Eq. (2), we have
By substituting Eq. (6) into Eq. (5) and using Eq. (7), we obtain P xx P xy P yx P yy where the differential operators in the matrix are defined as
Now considering an interface of arbitrary shape between two different material regions, a and b, as shown in Fig. 1 . With the x-y coordinate system defined in the figure, the available boundary conditions (DBCs and NBCs) are, respectively, expressed as
and
where n x and n y are the x-and y-components of the normal unit vector at the interface in Fig.  1 and the superscripts a and b refer to regions a and b, respectively. Of course, all quantities in Eqs. (13)- (15) are evaluated at the interface.
The PSMS-UPML Formulation
We discuss the required conditions and materials for the UPML. Assume the material in region a has the relative permeability and permittivity tensors:
where µ x , µ y , µ z , ε x , ε y , and ε z are constants, and that in region b (considered as the UPML region) has the corresponding tensors as [µ] UPML and [ε] UPML .
In order to impedance match region b to region a such that no outward going wave is reflected at the interface, we select [µ] UPML and [ε] UPML such that [28] [µ]
Consequently, [µ] and [ε] in the whole computational domain including UPML regions can be expressed as
with
where α x E and α UPML medium under impedance matching condition have m-power profiles as
where d x and d y are the thicknesses of the UPML as shown in Fig. 2 which shows the crosssection of an arbitrary leaky waveguide with the computational domain surrounded by UPML regions, and ρ x and ρ y are the distances from the beginning of the UPML along the x and y directions, respectively. Using the theoretical reflection coefficient R [21] (note that the optimal by the differential matrix operation under the pseudospectral theory. In Fig. 8 , for each mode, the |E z |, |H z |, |E x |, and |H y | mode-field profiles are shown, with the maximum of each profile set to be unity. The |E z | and |H z | profiles for the first three modes (p = 3, p = 4, and p = 2) are found to be consistent with those shown in Figs. 4 and 5 of [18] . One interesting observation is worth mentioning in the following. Note that |H x | and |H y | profiles of the p = 2 and p = 6 modes appear to have very little differences but their |E z | and |H z | profiles have obvious different features. The same can be observed between the p = 5 and p = 1 modes. Moreover, it can be seen that the |H x | (|H y |) profile of the p = 2 mode resembes the |H y | (|H x |) profile of the p = 5 mode, and the same feature exists between the p = 6 and p = 1 modes. Such fact should not be surprising since these four modes actually possess very close Re[n e f f ]'s with the same leading digits, 1.438, as seen in Table 6 . And more noticeable differences appear in the |E z | and |H z | profiles.
Conclusion
We have reported the implementation of UPML absorbing boundary conditions into our previously developed full-vectorial optical waveguide eigenmode solver using pseudospectral frequency-domain (PSFD) formulations for waveguides with arbitrary step-index profile. With UPMLs around the computational domain in this PSMS-UPML solver, leaky waveguides can be treated and their complex modal effective indices determined. The solver is derived under the H x -H y formulation by considering the Helmholtz equations. The spatial derivatives in the equations are approximated at collocation points by utilizing Chebyshev-Lagrange interpolating polynomials, leading to a matrix eigenvalue equation with the squared complex propagation constant as the eigenvalue. We have shown other field components can be determined with high accuracy from the obtained H x and H y (eigen vector) with the required spatial derivatives treated by the same approximation at collocation points. The high-accuracy performance of the PSMS-UPML is demonstrated by using a six-air-hole microstructured fiber as an analysis example, with the comparison made with published high-accuracy multipole method results [19] for both the real and imaginary parts of the effective indices. In particular, the role of the UPML reflection coefficient, R, in achieving high-accuracy mode solution results is investigated in detail. It is shown that by setting the values of R as small as on the order of 10 −40 ∼ 10 −70 , relative errors in the calculated complex effective indices can be as small as on the order of 10 −12 .
